Abstract. A second order accurate numerical scheme is proposed for a thermo-elastic system which models a bar made of two distinct materials. The physical parameters involved may be discontinuous across the joint of the two materials, where there might be also singular heat and/or force sources. The solution components, the temperature and the displacement, may change rapidly across the joint. By transforming the system into a di erent one, time-marching schemes can be used for the new system which is well-posed. The immersed interface method is employed to deal with the discontinuities of the coe cients and the singular sources. The proposed numerical method can t both explicit and implicit formulation. For the implicit version, a stable and fast Prediction-Correction scheme is also developed. Convergence analysis shows that our method is second order accurate at all grid points in spite of the discontinuities across the interface. Numerical experiments are performed to support the theoretical analysis in this paper.
1. Introduction. Consider a thermo-elastic bar of length l which is located on the x-axis. Suppose that the material has a uniform stress-free reference state in which the absolute temperature is a positive constant 0 . We also suppose that the displacement vector measured from the con guration of the reference state, remains parallel to the x-axis throughout the body at any time t. In these settings, the displacement u and the absolute temperature satisfy (see Carlson 3] and Day 6] ) the equation of energy c @ @t = @ @x ( @ @x ) ? 0 0 (3 + 2 ) @ 2 u @x@t + g(x; t); (1.1) and the equation of linear momentum @ 2 u @t 2 = @ @x (( + 2 ) @u @x ) ? 0 (3 + 2 ) @ @x + f(x; t): (1. 2)
The parameters appeared in the equations above are: the thermal conductivity , the speci c heat c, the coe cient of thermal expansion 0 , the elastic moduli and , and the mass density The existence, uniqueness and regularity of the solutions to the thermo-elastic system (1.1)-(1.2) have been well studied, see Dafermos 5] , Day 6] and Kim 11] etc. By incorporating the contact conditions, e.g. the Signorini boundary conditions, the linear system was also used by Andrews, Shi and Shillor 1, 21], and Xu 25] to model the evolution of a one-dimensional thermo-elastic system that may come to contact with a rigid obstacle. We refer the reader to Andrews et. al. 1], Ho mann- Niezgodka 8] , Sprekels 23] , and the references therein for industrial perspectives and mathematical modeling related to the thermo-elastic system.
Contrary to the rich literature on theoretical work, relatively less work has been made public on numerical methods and analysis for the problem discussed here. One di culty associated with the system is that explicit time marching schemes can not be used directly because of the mixed derivative in (1.1). A fully implicit discretization is used to solve a similar problem modeling shape memory alloys by Ho mann-Zou 9] and Niezgodka- Sprekels 19] . In the paper by Shillor, Shi and Zou 22] , with the assumption that u t is negligible small, the second variable of u is eliminated from (1.1) to get a non-linear integro-di erential equation for the temperature . A fully implicit scheme again is employed to solve the non-linear integro-di erential equation. However, for two or higher dimensional problems, or non-linear thermo-elastic systems, explicit marching technique may be more desirable. Implicit schemes would require to solve a large linear/non-linear system of equations. Usually an iterative method, somewhat similar to a Prediction-Correction scheme, has to be used. It is well known that Prediction-Correction methods still have some restriction on the time step size. If explicit time marching schemes can not be used, then an iterative process for the system of equations is very likely unstable.
In this paper, by transforming the system to a new one, we have a di erent expression for the mixed derivative term in (1.1). Time marching schemes can be employed to the new system both explicitly or implicitly. Theoretically we proved that the Cauchy problem corresponding to the new system is well-posed. Thus we can guarantee convergence for stable and consistent numerical schemes.
While most theoretical results do allow the coe cients to be discontinuous as long as they are in some Sobelov space, most existing numerical analysis in the literature require the coe cients and the solutions to be continuous and smooth, which also excludes the presence of singular sources. However, there are a variety of problems which involve discontinuous coe cients and singular sources, for example, the computation of composite materials and phase transition problems. It is of practical signi cance to develop e cient and accurate numerical methods for such problems. This is another objective of this paper.
The di culty associated with discontinuous coe cients or singular sources is that, the solution itself may not be smooth across the interface. Many standard numerical methods based on smoothness of solutions will not work or work poorly.
There have been several papers in the literature dealing with jumps in the coefcients. LeVeque- Li 13, 15, 18] proposed the immersed interface method (IIM) for elliptic interface problems. The method has been applied to the Stokes ow 14], some one-dimensional moving interface problems 17]. A fast version of IIM is discussed in 16]. The current IIM is based on nite di erence discretizations. There are also a few references on nite element methods for solving interface problems, see Babuska 2], Han 7] , and Xu 24] for second order elliptic equations; Chen-Zou 4] for second order elliptic and parabolic equations. In this paper, we will apply the immersed interface method to the thermo-elastic system.
The major novelty of this paper is the following:
By transforming the system to a new one, we can apply both explicit and implicit time marching schemes for the mixed type system (1.1)-(1.2). We also proved the well-posedness of the corresponding Cauchy problem. By applying the immersed interface method, we have developed a second order numerical method for the thermo-elastic system (1.1) and (1.2) with discontinuities and singularities. We also proposed a stable semi-implicit PredictionCorrection scheme which allows large time steps and only involves tridiagonal solvers. Detailed error analysis is given to show our method is second order accurate in the in nity norm. Such strict error analysis seems new for nite di erence methods applied to interface problems. A benchmark problem is provided to con rm our analysis.
2. The formulation and a useful transformation. There is no cross derivative term anymore and time marching scheme can be used for the system above. We have the same initial and boundary condition for . For v and w, the initial conditions are the following:
v(x; 0) = u t (x; 0) = u 1 (x); (2.15) w(x; 0) = u x (x; 0) = u 0 0 (x):
The boundary conditions for v(x; t) are v(0; t) = u t (0; t) = @ @t u(0; t) = u 0 l (t); v(1; t) = u t (1; t) = @ @t u(1; t) = u 0 r (t):
There is no need to introduce boundary conditions for w(x; t).
3. Well-posedness of the Cauchy Problem. In this section, we will follow the discussion and notations of 12]. The Cauchy problem w t = P( @ @x )u; (3.18) u(x; 0) = f(x); x 2 R; u; w 2 R m ; (3.19) where The di erential operator P(@=@x) = A@ 2 =@x 2 + B@=@x can be re-written as: P = 4. Explicit Scheme. In practice, we use a slightly simpli ed form of (2.12)-(2.14): where v = @u=@t. Theoretically, this system is equivalent to (2.12){(2.14). However, with the system above we do not need to introduce a staggered grid and numerical boundary conditions for w(x; t). Numerically, the two formulation behave almost the same. We now try to derive an explicit scheme for the system above. The implicit schemes will be discussed later in Section 5. To simplify the discussion, we use a uniform grid on the interval 0; 1]: x i = i h, for i = 0; 1; ; N, and h = 1=N. The derivation of the di erence scheme for non-uniform grids would be similar. We are now ready to construct a di erence scheme at the irregular grid point x j of the following form Now we have completely determined the di erence scheme at the irregular grid point x j . We omit the derivation of the di erence scheme at another irregular grid point x j+1 since it is almost identical to the discussion above.
If we choose a grid in such a way that the interface is one of the grid point, say x j = , then x j is the only irregular grid point. The linear system of (4.48) and (4.49) will be greatly simpli ed. We can easily get the closed form of the solution for the coe cients. But for moving interface or high dimensional problems, we can not guarantee the interface lies on a grid line, the discussion here would be more useful.
5. Implicit scheme. For the explicit method discussed in the last section, we have to choose t small enough such that the CFL condition (4.36) is satis ed. To overcome the restriction on the time step size, we use the Crank-Nicholson scheme which is second order accurate and unconditionally stable. The implicit scheme can be written as where G( n i?1 ; n i ; n i+1 ; v n i?1 ; v n i+1 ) and F(u n i?1 ; u n i ; u n i+1 ; n i?1 ; n i+1 ) are the right hand sides of the equations (4.31) and (4.32) respectively at regular grid points. At the irregular grid point x j , G( n j?1 ; n j ; n j+1 ; v n j?1 ; v n j+1 ) and F(u n j?1 ; u n j ; u n j+1 ; n j?1 ; n j+1 ) are the right hand sides of the equations (4.42) and (4.43) respectively.
To solve the nonlinear system of equations, we use a semi-implicit PredictionCorrection method described below. 6. Error analysis. From our discretization, the local truncation error is O(h 2 )
at regular grid points and O(h) at the two or just one irregular grid points. So we can conclude that our numerical method is at least rst order accurate. We are going to show that our numerical method is actually second order accurate globally in the in nity norm. For simplicity, we conduct the analysis only for the explicit method. De ne e n ;i = (x i ; t n ) ? n i h 2 ; e n v;i = v(x i ; t n ) ? v n i h 2 ; e n u;i = u(x i ; t n ) ? u n i h 2 :
(6.60)
We will prove that these quantities are of order O(1), so the numerical method is second order accurate. Since our di erence scheme is linear, we have e n+1 ;i ? e n ;i t (6.62) e n+1 u;i ? e n u;i t = e n v;i ; (6.63) at regular grid point x i , whereg i n andf i n are the local truncation error divided by h 2 .
Therefore we haveg if t h 2 . Without loss of generality, we assume that there is only one interface which is also the only irregular grid point x j , e n+1 ;j ? e n ;j t = 1 e n ;j?1 + 2 e n ;j + 3 e n ;j+1 + 4 e n v;j?1 + 5 e n v;j+1 +g j n ; (6.65) e n+1 v;j ? e n v;j t = 1 e n u;j?1 + 2 e n u;j + 3 e n u;j+1 + 4 e n ;j?1 + 5 e n ;j+1 +f j n ; (6.66) e n+1 u;j ? e n u;j t = e n v;j : with homogeneous initial and boundary conditions, whereg,f, 1 (t) and 2 (t) are bounded continuous function with respect to their variables. We will prove that the solutions are also bounded independent of h in the following theorem:
Theorem 6.1. Ifg,f, 1 (t) and 2 (t) are bounded continuous function with respect to their variables, and all the coe cients are constants, then the solution of the Cauchy problem of equations (6.69) 7. A benchmark problem. In order to verify that we have implemented the solution scheme correctly, to test its performance, and to demonstrate its merits, we construct a relatively di cult numerical problem having an analytic solution. Let (x; t), u(x; t) be the following function: (x; t) = e sint sin(! 1 x); u(x; t) = sin(t) sin(! 2 x); We show the numerical results for the following two cases:
Case 1: The jumps in the coe cients are modest. Table 1 The grid re nement analysis of Case 1 at t = 0:1. Table 1 and Table 2 are the results of the grid re nement analysis of the implicit method using the semi-Prediction-Correction non-linear solver. In the tables,
where N is the number of grid points in the space and n is the nal time step corresponding to t = 0:1. The ratio of two successive error indicates the convergence order, 2 means rst order convergence and 4 means second order. The`No' is the number of iterations required for the semi-Prediction-Correction method with tolerance 10 ?10 which is unnecessarily small for coarse grid. In both tables, we see clearly the method is second order accurate. Depending on the jumps in the coe cients, the number of iteration required in solving the non-linear equations is quite di erent. For the rst case, the jumps in the coe cients are modest and our method converges in a few iterations.
In case 2 where we have large jumps which implies strong non-linearity of the equation, the number of iterations is much larger than in the rst case. However, compared to the explicit method, where the CFL restriction would be t h 2 =2000; the implicit approach is much faster. Table 2 The grid re nement analysis of Case 2 at t = 0:1. As we expected, the method is rst order accurate in time and second order accurate in space for the explicit method. For the implicit method described in the paper, it is second order accurate in both time and space. Furthermore, the method is stable since we use the implicit scheme for the parabolic part of the equation. With the semiimplicit Prediction-Correction method, the number of iterations depends on the jumps in the ux but it usually converges very fast.
Another interesting behavior we can observe from Table 1 and Table 2 is that the number of iterations is independent of mesh size. This has been the case for all the testing problems. However, we have not been able to prove it theoretically at this point. 8 . Summary. In this paper, we proposed a new numerical method for solving a thermo-elastic system using a simple transformation. We also described how to use the immersed interface method to handle discontinuities in the coe cients. The numerical method has been proved to be second order accurate in the in nity norm. The semi-implicit Prediction-Correction method seems to be an e cient approach for onedimensional systems because it can allow large time step without a ecting the accuracy and stability. At least for our testing problems, the number of iterations is independent of the mesh size.
For two or higher dimensional problem, we believe the transformation proposed in this paper is still valid. However, the semi-implicit Prediction-Correction approach may lose its merits unless it is combined with some splitting schemes.
